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Abstract 
Kronheimer, E.H., A note on alternative digital topologies, Topology and its Applications 46 
(1992) 269-277. 
This paper contains a brief outline-in a form intended to clarify their interrelation-of four 
theories devised for the analysis of the topological attributes of a digital image. They are (i) 
Rosenfeld’s combinatorial theory (to which he gave the name “digital topology”), (ii) the 
generalization of this due to Kong and Roscoe, (iii) Khalimsky, Kopperman and Meyer’s theory 
of sets embedded in a locally finite space and (iv) the theory which results from choosing a specific 
model for the process by which the digital image is produced. 
Keywords: Adjacency structure, digital topology, fenestration, grid, Jordan curve theorem, 
Khalimsky space. 
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1. Introduction 
A colouring--strictly, a 2-colouring-of a set is an ordered pair (I, J) partitioning 
it into a white sector I and a black sector J. A digitalization of a topological space 
S (the subject space) by a set E (the image set) is a map 0 associating a colouring 
of E to each colouring of S. If @(P, Q) = (A, B), we call A and B the digital images 
in E of the two subjects P and Q. 
The purpose of this paper is to indicate the mathematical content of some 
alternative strategies-developed for the most part to solve problems in the area of 
machine pattern recognition, where S and E are taken to be either R2 and Z2 or R3 
and Z3-for equipping the set E with a structure, which need not be explicitly 
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topological, but in terms of which it is possible to formulate properties of the 
colouring (A, B) which can be related to topological invariants of (P, 0): for 
example, the number of connected components of each sector and their fundamental 
groups. 
2. The Rosenfeld theory 
Of these strategies the best-known is that due to Rosenfeld [12-141. Rosenfeld 
considers three cases: E = Z2, E =Z3 and E = W, where “W” denotes the set of 
centres of a tesselation of the plane by regular hexagons. Each of these sets E 
inherits some structure (though no topology) from the space R* or R3 in which it 
is naturally embedded; and Rosenfeld uses this to determine various adjacencies 
on E-where, by an adjacency, is meant any symmetric nonreflexive binary relation.’ 
Specifically, he defines the points p and q of Z2 to be 4-adjacent (respectively 
S-adjacent) if p is one of the four (respectively eight) points of 2’ closest to q in 
the Euclidean metric, with analogous definitions for 6-, 1% and 26-adjacency on Z3 
and for planar 6-adjacency on W. By an adjacency structure on E we shall mean the 
structure determined on it by one or more adjacencies. 
The archetype of such structures is that determined on Z2 by 4- and 8-adjacency. 
Definitions in the theory of this structure naturally come in pairs. Thus, as counter- 
parts-we shall see in what sense shortly-of the usual (i.e., topological) property 
of connectedness, Rosenfeld introduces two adjacency-structural properties--C 
connectedness and 8-connectedness-by defining a set C c Z2 to be k-connected if 
any two points in it can be linked by a sequence of points in C each of which is 
k-adjacent to its predecessor. Correspondingly a k-component of C is a maximal 
k-connected subset of C. A little less obviously, a Jordan k-curve in .Z2 is a set of r 
distinct points {e,, e, , . . . , e,_,} such that ei and ej are k-adjacent if and only if 
i-j = *l (mod r), where r > 4 if k = 4 and r > 3 if k = 8. And by the k-boundary* 
of C with 0, where C, D c Z*, is meant the set of points in C which are (12 - k)- 
adjacent to some point of D. 
Using these definitions, a number of simple theorems concerned with the proper- 
ties of a pair of complementary sets in Z* assume a form strongly reminiscent of 
familiar theorems in the topology of the plane, provided that the definitions based 
on the two adjacencies are used in tandem, with all the “4” terms applied to one 
set and all the “8” terms applied to the other. This correspondence between 
propositions in Z2 and in R2 can be made almost total if they are rephrased as 
statements about colourings and one adopts the convention that, while 4-adjacency 
is to be taken as the appropriate relation for classifying sets in-say-the white 
sector of Z*, one will use g-adjacency for classifying sets in the black sector. 
’ We use the terminology introduced by Kong and Roscoe [6-81. 
* In the literature such boundaries are usually called “borders”. 
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In effect, therefore, one makes a new series of definitions. Given a colouring 
(A, B) of Z*, a subset of A (respectively B) is called connected if it is 4- (respectively 
8-) connected;3 it is called a component if it is a 4- (respectively 8-) component of 
A (respectively B); it is a Jordan curve if it is a Jordan 4- (respectively 8-) curve; 
and one defines its boundary to be its 4- (respectively 8-) boundary with B (respec- 
tively A). 
The following two examples of theorems [ 12,2.5,2.6] which duplicate results in 
R* will serve to illustrate the effectiveness of such definitions. 
Theorem 1. If one sector of a colouring of Z2 is a Jordan curve, then the other has 
precisely two components. 
Theorem 2. If one sector of a colouring of Z2 is connected, each component of the 
other has a connected boundary.4 
It is not difficult to verify that, if, in defining the various adjacency-structural 
terms for Z2, we had throughout used only a single adjacency, then, had we been 
using 8-adjacency, Theorem 1 would have failed; had we used 4-adjacency, both 
theorems would have failed. 
In the case of W, however, the existence of only one natural adjacency simplifies 
all arguments: indeed both Theorems 1 and 2 hold for W if we equip it with planar 
6-adjacency and use definitions analogous to those used before to give a single 
colour-independent meaning to the adjacency-structural terms “connected”, “com- 
ponent , ” “Jordan curve” and “boundary”.5 
Turning to Z3, the availability of three adjacencies on this set may perhaps be 
held responsible for the fact that no theory has been developed which relates it to 
[w3 in the particularly direct way that Rosenfeld’s theory relates Z2 to lQ*. In seeking 
to apply to Z3 the arguments we applied to Z*, we must choose two adjacencies to 
play the roles of 4- and 8-adjacency on Z’; and, if we agree-extending the convention 
we used before-always to take the more restrictive of two adjacencies as the basic 
relation for the white sector, we have six choices of structure, which we can (in an 
obvious notation) label (6,6), (6, 18), (6,26), (18, 18), (18,26) and (26,26). Of these, 
however, all except (6, 18) and (6,26) can be discarded on the grounds that their 
restrictions to the set Z* x (0) yield structures isomorphic to one of the unsatisfactory 
structures on Z* obtained by using only 4- or using only 8-adjacency. Theorem 2 
(though not, of course, Theorem 1) holds for Z3 with either the (6, 18) structure [6] 
3 “C is connected” is not defined if Cc Z2 is multicoloured. 
4 Note that, in topological contexts, we use “boundary” synonymously with “frontier”. 
s Since this structure on the set W is topologically indistinguishable from the structure on the set Z2 
got by taking each point to be adjacent to its immediate neighbours to the north, north-east, east, south, 
south-west and west, it follows that the validity of theorems such as Theorems 1 and 2 is not in general 
enough to identify a particular adjacency structure on a given set. 
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or the (6,26) structure [ 141; but, while this and some other results (see, for example, 
[7]) leave little to choose between the two structures, the following very informal 
argument suggests that (6,26) is more likely than (6, 18) to prove suitable for 
constructing a theory of Z3 which as nearly as possible replicates that of R3. 
Let D be the diagonal {(x, x, x) 1 x E R} in Iw3, put B = Z3 n D and A = Z3\B, and 
consider the colouring (A, B) of Z’. The white sector A-on which the basic relation, 
in either structure, is 6-adjacency-has a property it seems reasonable to identify 
as the adjacency-structural analogue of multiple-connectedness. To see this, define 
a closed 6-curve to be a finite sequence (e,, e,, . . . , e,_,) in Z3 such that {e,, e,} is 
6-connected if i-j = *l (mod m), and define two closed 6-curves in A to be 
contiguous (i) if they are of the same length and differ in only one element or (ii) 
if one can be got from the other by repeating one element (e.g., by replacing 
( . . . , P, 4, 6 . ..) by (...,p.q.cz,r,. . .)). With these definitions, the sequence 
((l,O,O), (1, l,O), (0, l,O), (0, 1, l), (O,O, l), (l,O, 1)) is a closed 6-curve which 
cannot be deformed through a chain of contiguous closed 6-curves in A to a closed 
6-curve of length 1. On the other hand, any analogue of the second homotopy group 
of A, with a definition based on 6-adjacency, would be expected to be trivial, since, 
for example, if the boundary of a cube in R’ with vertices in A and edges parallel 
to the axes contains no points of B, then neither does its interior. 
Now W’\D, too, of course, has a nontrivial first but a trivial second homotopy 
group; and this correspondence between the properties of the white sectors in the 
colourings (Z3\B, B) of Z3 and (iR3\D, D) of R3 would seem to signal that a similar 
correspondence should hold between the black sectors, and, in particular, that B 
should be a connected set, as it is in (6,26), rather than a discrete collection of 
disconnected points, as in (6, 18). For if D were a set of isolated points in [w3, it 
would be the first-not the second-homotopy group of R3\D that was trivial.6 
3. The Kong-Roscoe axioms 
Combinatorial results such as Theorems 1 and 2 for Z2 and W can be deduced 
fairly directly from the elementary geometric properties of these two lattices. Proving 
similar propositions for Z3 by the same process is somewhat less simple; and more 
systematic methods of proof have been devised by Kong and Roscoe [6,7]. 
Kong and Roscoe address the general problem of relating the global to the local 
properties of an adjacency structure; and in particular they analyze the conditions 
which must be satisfied by an arbitrary pair of adjacencies on Z2 or Z3-not 
necessarily Rosenfeld’s-if the structure it determines is to have various properties 
reflecting those of [w2 or Iw3. 
6 Note that Kong [4], in proposing a definition of “fundamental group” applicable to all strongly 
normal adjacency structures on iZ3 (cf. Section 3), requires the contiguity of two closed 6-curves in a 
white sector to depend on the adjacency chosen for the black sector, thereby making the sector A (defined 
as here) “simply connected” in (6, 18) but not in (6,26). 
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In illustration we cite one of several axioms which together characterize a “strongly 
normal” pair of adjacencies on 2’ or Z3 [4,7]. Strongly normal adjacency structures 
(which include the usual structure on Z2 and the structures (6, 18) and (6,26)-but 
not (6,6), (18, 18), (l&26) or (26,26)-on Z’) all, for example, satisfy Theorem 2. 
Axiom. Of the four points at the corners of a unit square in Z2 or Z3, either both 
diagonally opposite pairs are adjacent in the same sense or one diagonally opposite 
pair is adjacent in both senses. 
4. The Khalimsky-Kopperman-Meyer spaces 
The most direct approach to the problem of attributing topological significance 
to the properties of a colouring of a set E would, of course, be to equip E with a 
topology-or perhaps several topologies-of its own. 
To obtain a new formulation of the Rosenfeld theory, one might therefore look 
for two (necessarily rather strange) topologies on Z*, with respect to which “con- 
nectedness” in the usual sense coincides (for one topology) with 4- and (for the 
other) with %connectedness. But, although there exist topologies on Z* which, in 
this sense, generate 4-connectedness, it is not difficult to establish that no toplogy 
on Z* can generate 8-connectedness. Similarly, there exist topologies on Z3 generating 
6-connectedness, but none which generate 1% or 26-connectedness; nor does any 
topology generate planar 6-connectedness on W. 
The work of Khalimsky, Kopperman and Meyer [2,3,5,9] suggests a more 
successful method of providing Z* or Z3 with a properly topological structure. Let 
Dd denote the space obtained by equipping the set {irl rE Z} with the topology 
generated by the subbase consisting of all sets of the form {r, r+i, r+ l} (r E Z); so 
that a one-point set {k} is open if k is an integer and closed if k is not [l]. If we 
now write Db” for the topological product of n copies of K, then Z” is embedded 
in K” as a discrete subspace; and this embedding constitutes a structure which 
makes it possible to identify topologically characterized attributes of Z”. 
Given any subset C of Z” (n = 2 or 3), we call the set Ci = C n (Z”\C)) (where 
“-” denotes closure in lK”) the KKM-boundary of C. Note that Ci contains no 
points of 2”. If (A, B) is a colouring of Z”, then the components (in the usual sense) 
of the subspace Od”\A’ = D6”\B’ of !6” cover A and B; but each component contains 
points of only one colour, and we call the intersections of these components with 
Z” the KKM-components of A and of B. (Note that these coincide with the 
2n-components of A and B in the Rosenfeld theory.) A sector is KKM-connected 
if it has only one KKM-component. 
If we now define a KKM-Jordan curve to be a subset {x,, x,, . . . , x,_,} of K2\Z2 
such that {Xi, xi} is connected if and only if i = j or i -j = * 1 (mod r), where r > 3, 
we have the following results [2,3]. 
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Theorem 3. If the common KKM-boundary of the two sectors of a colouring of Z2 is 
a KKM-Jordan curve, each sector is KKM-connected. 
Theorem 4. If onesectorof a colouring of Z” is KKM-connected, each KKM-component 
of the other has a connected KKM-boundary. 
The fact that the two sectors of a colouring have a common KKM-boundary, 
disjoint from both, correlates the Khalimsky-Kopperman-Meyer theory more 
closely, in certain respects, than Rosenfeld’s with the topology of [w”. Note in 
particular that the Khalimsky-Kopperman-Meyer definitions can be extended to 
allow consideration of the properties of K-colourings, where K > 2 [3]. 
5. Topologies determined by a digitalization 
The theories we have so far discussed have not set out to relate the properties of 
the sectors A and B of a colouring of an image set E to the properties of any 
particular pair of subjects P and Q, in a subject space S, of which A and B can be 
assumed to be digital images; though the existence of a relation to some subjects 
in Iw2 or lR3 certainly appears to be suggested by theorems such as those we have 
cited. Arguably, indeed, little practical interest would attach to the classifications 
and descriptions provided by, for example, the Rosenfeld theory, without the 
presumption of a link of some sort-as evidence of whose existence one would, 
conversely, cite the theory’s success in applications. 
To make such a link explicit, however, it is necessary to specify a digitalization 
of the space S by the set E. We shall outline one quite general method of constructing 
digitalizations [lo], which can be construed as modelling some (of course idealized) 
real-world procedures. Each digitalization so constructed determines an embedding 
of E in a quotient space of S and relates the properties (in this embedding) of the 
sets A, B to the properties (in S) of a pair of subjects P”, Q” which are, in a natural 
sense, “representative” of all pairs of subjects P, Q having A, B as their digital images. 
To specify the digitalization, we choose a family ( We)eSE of disjoint open sets 
in S, injectively indexed by E, whose union is dense in S. We call W, the window 
of e and the whole collection % = { W, (e E E}-whether or not regarded as an 
indexed family-a fenestration of S. 
The standard example, when S = TX”--indeed we shall call it the standardfenestra- 
tion of [w” (for any n)-is the collection of open unit n-cubes (with edges parallel 
to the coordinate axes) centred on and indexed by Z”. As a second example, the 
interiors of the hexagons which we used to define the set W, also indexed by their 
centres, constitute the hexagonal fenestration of Iw*. We will assume in this paper 
that all fenestrations consist of windows which-as in these examples-are connected 
and regular.’ 
’ “Regular” has the meaning defined in footnote 9. 
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Given a fenestration ( We)etE of S, we define the digital images in E of the white 
subject P and the black subject Q in S to be the sets 
A = {e 1 P intersects W,}, B = {e 1 Q contains We}. 
As a procedure modelled by this definition, when SC R*, we can instance the 
projection of a black and white’ image onto an array of contiguous flat light-sensitive 
diodes-each window representing the surface of one diode-whose output is 
registered as a colouring of E (where E represents, say, a collection of on/off pixels, 
wired one-to-one to the diodes): a point in E being coloured black or white according 
as, in the projected image, the surface of the corresponding diode is totally black 
or at least partly white. 
Suppose that a fenestration ( We)eeE of the space S has been given and that (A, B) 
is a colouring of E. If we write X+ for the consolidation-defined as the interior of 
the closure-of a set X in a topological space, then the two sets 
PA=OJ{WeleEAl)t, c?“=OJ{KI~EW- 
are respectively the largest open white subject and the smallest closed black subject 
with the digital images A and B.9 Given any set C c E, we shall call the consolidation 
(respectively closure) in S of the union of all windows indexed by C the white 
(respectively black) subject reconstructed from C; so (PA, 0”) is the colouring of 
S reconstructed from the colouring (A, B) of E. 
Suppose now that we extend the collection 8 = { W, 1 e E E}, which in general does 
not cover S, to a collection A of disjoint subsets of S which does-so every member 
of A is either a window or a subset of S\U { W, 1 e E E}-and we give A its quotient 
topology as a decomposition of S. If the natural map S+ A is open-equivalently: 
if the union of all members of A which intersect an open set in S is open-we call 
A an g-grid on S. The mapping e H W, embeds E in any %-grid as the discrete 
subspace ‘8; so that, by identifying each point e E E with its window, we can treat 
E as a subspace of the grid. 
In fact, for every fenestration ZY, there exists a minimal g-grid Amin which has 
fewer members than any other-more precisely, every member of any %-grid is 
contained in some member of Amin [lo]-and the properties of E as a subspace of 
this g-grid are particularly simple. When 8 is the standard fenestration of R”, the 
minimal grid consists of the windows and their open faces of every dimension and 
is homeomorphic to the space !6”. If n = 2 or 3, the structure defined on Z” by 
embedding it in this grid is precisely that proposed by Khalimsky, Kopperman and 
Meyer. 
* Literally black and white: i.e., without intermediate grey-values. 
9 It is reasonable to admit, as “physically meaningful” subjects, only subsets of R” which are regular: 
i.e., sets whose interiors are the interiors of their closures and whose closures are the closures of their 
interiors. Clearly, moreover, a regular set, its closure and its interior can all be assumed to represent the 
same real-world object. We can therefore, without in effect restricting the model, agree to admit only 
regular open sets as white and regular closed sets as black subjects. Then PA and Q’ (which are in any 
case regular) are simply the largest white and the smallest black subjects with the given images. 
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We can now state a relation between the topological properties of reconstructed 
subjects and digital images [lo]. 
Theorem 5. If 8 is a fenestration of S, indexed by the image set E, and C is a subset 
of E, then the white (respectively black) subject reconstructed from C is connected in 
S if and only zfthe consolidation (respectively closure) of C is connected in the minimal 
g-grid. 
Call a set Cc E (+)-connected (respectively (-)- connected) if C+ (respectively 
C-) is connected in Ami”. If S = [w”, with the standard fenestration, then (+)- and 
(-)-connectedness in Z” respectively coincide-for n = 2-with 4- and 8-connected- 
ness and-for n = 3-with 6- and 26-connectedness. For the hexagonal fenestration 
of Iw2, both (+)- and (-)-connectedness in W coincide with planar 6-connectedness. 
To obtain more detailed results from this model, some restriction on the fenestra- 
tions is needed. The following condition is very strong, but convenient for that 
purpose. Call a fenestration % of [w” simple polyhedral if (i) every point of [w” has 
a neighbourhood which intersects only finitely many windows, (ii) every window 
is the interior of a compact convex polyhedron and (iii) any two of the polyhedra 
intersect-if at all-in a closed face (of arbitrary dimension) common to both. For 
such a fenestration ZY the minimal g-grid is the set of open faces (of all dimensions) 
of these polyhedra; as a space it is locally finite (in the sense that every point has 
a finite neighbourhood) and To (no two points share the same set of neighbourhoods); 
and it is naturally homeomorphic to a collection of finite subsets of ZY with a topology 
determined by their ordering under inclusion [lo]. It follows that the topological 
structure on E, when identified with 8, is effectively combinatorial. 
Given a fenestration with image set E, we define the (+)- and the (-)-components 
of a set C c E to be its maximal (+)- or (-)-connected subsets; and we then find 
that both the (+)-components and the (-)-components define partitions of C. When 
the fenestration is simple polyhedral, these components satisfy a strengthened form 
of Theorem 5 [lo]. 
Theorem 6. Let R” be equipped with a simple polyhedral fenestration with image set 
E. Let C c E and let 0 be the white (respectively black) subject reconstructed from C. 
Then there exists a one-to-one correspondence between the components of 0 and the 
(+)- (respectively (-)-) components of C. Moreover, the components of 0 and the 
consolidations (respectively closures) of the corresponding (+) - (respectively (-) -) 
components of C in the minimal g-grid have isomorphic homotopy groups. 
The following proposition, due to Kong, extends Theorem l-the Rosenfeld 
“Jordan curve” theorem-to all structures defined by simple polyhedral fenestrations 
of Iw2. For a similar extension of various theorems on boundaries, we refer to [ll]. 
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Given a fenestration, define a Jordan (+)-curve (respectively (-)-curve) in the 
image set E to be a finite set {e,, e,, . . . , e,_,}c E such that {e,, e,} is (+)- 
(respectively (-)-) connected if and only if i =j or i-j = &l (mod r) but is not 
(-)-connected for every i and j. 
Theorem 7. If the white (respectively black) sector of a colouring of the image set of 
a simple polyhedral fenestration of the plane is a Jordan (+) - (respectively (-) -) curve, 
then the black (respectively white) sector has precisely two (-)- (respectively (+)-) 
components. 
The fenestration of the plane, with image set E = {($r, $s) 1 r, s E Z}-the underlying 
set of K2-which consists of (i) regular octagons centred at and indexed by all 
points ($r, $s) E E with r+s even and (ii) squares centred at and indexed by the 
remaining points of E, is one for which both (+)-connectedness and (-)-connected- 
ness in E coincide with the connectedness generated by the topology of K2. Applying 
Theorem 7 to this fenestration we obtain a “Jordan curve” theorem for [ld’, due to 
Khalimsky, Kopperman and Meyer [2,3], of which Theorem 3 is a special case. 
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